Influence of heat transfer and fluid flow on crack growth in multilayered porous/dense materials using XFEM: Application to Solid Oxide Fuel Cell like material design  by Shao, Q. et al.
International Journal of Solids and Structures 51 (2014) 3557–3569Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rInﬂuence of heat transfer and ﬂuid ﬂow on crack growth in multilayered
porous/dense materials using XFEM: Application to Solid Oxide Fuel Cell
like material designhttp://dx.doi.org/10.1016/j.ijsolstr.2014.06.011
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +352 4259914661; fax: +352 425991777.
E-mail address: ahmed.makradi@tudor.lu (A. Makradi).Q. Shao a,b, R. Fernández-González a,c, A. Mikdamd, L. Bouhala a, A. Younes b, P. Núñez c, S. Belouettar a,
A. Makradi a,⇑
aCentre de Recherche Public Henri Tudor, 29, Avenue John F. Kennedy, 1855, Luxembourg
b Laboratoire d’Hydrologie et de Géochimie, Université de Strasbourg/EOST, CNRS, 1 rue Blessig, 67084, France
cDepartamento de Química Inorgánica, Universidad de La Laguna, Tenerife 38200, Spain
d ENSAM Casablanca, Université Hassan II Mohammedia-Casablanca, Avenue Hassan-II BP150, Morocco
a r t i c l e i n f o a b s t r a c tArticle history:
Received 13 January 2014
Received in revised form 12 April 2014
Available online 20 June 2014
Keywords:
Crack growth
Multilayered porous/dense materials
XFEM
Heat transfer
Fluid ﬂow
Solid Oxide Fuel Cell (SOFC)An advanced numerical model is developed to investigate the inﬂuence of heat transfer and ﬂuid ﬂow on
crack propagation in multi-layered porous materials. The ﬂuid ﬂow, governed by the Navier–Stokes and
Darcy’s law, is discretized with the nonconforming Crouzeix–Raviart (CR) ﬁnite element method. A com-
bination of Discontinuous Galerkin (DG) and Multi-Point Flux Approximation (MPFA) methods is used to
solve the advection–diffusion heat transfer equation in the ﬂow channel and in the ﬂuid phase within the
porous material. The crack is assumed to affect only the heat diffusion within the porous layer, therefore a
time splitting technique is used to solve the heat transfer in the ﬂuid and the solid phases separately.
Thus, within the porous material, the crack induces a discontinuity of the temperature at the crack sur-
faces and a singularity of the ﬂux at the crack tip. Conduction in the solid phase is solved using the
eXtended Finite Element Method (XFEM) to better handle the discontinuities and singularities caused
by the cracks. The XFEM is also used to solve the thermo-mechanical problem and to track the crack prop-
agation. The multi-physics model is implemented then validated for the transient regime, this necessi-
tated a post processing treatment in which, the stress intensity factors (SIF) are computed for each
time step. The SIFs are then used in the crack propagation criterion and the crack orientation angle.
The methodology seems to be robust accurate and the computational cost is reduced thanks to the XFEM.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
A planar Solid Oxide Fuel Cell (SOFC) unit consists of a solid
dense gas-tight electrolyte sandwiched by two porous electrodes
(anode and cathode) that present sufﬁcient porosity to allow for
the ﬂow of air and fuel into the porous electrodes through ﬂow
channels. The major drawback of this technology is the high oper-
ating temperature that can lead to complex material problems,
including residual stresses due to different thermal expansion
coefﬁcients of the unit cell components (Yakabe et al., 2004). The
cooling and heating process, involved during SOFC service, result
in residual stresses and possible crack nucleation and propagation
in the porous electrodes (Qu et al., 2006). In the last decade crack
propagation has become the centre of interest of lot of studieswhere advanced numerical methods such as mesh-less methods
and the eXtended Finite Element Method (XFEM) are widely used,
see Moës and Belytschko (2002), Zi and Belytschko (2003),
Sukumar and Prévost (2003), Duﬂot (2008), Natarajan et al.
(2014), Bordas et al. (2011), Fries and Belytschko (2010) and
Bouhala et al. (2012). The main feature of XFEM is the enrichment
of the ﬁelds and/or their gradients in the vicinity of singularities
and discontinuities. This allows the use of a non-conforming mesh
and avoids re-meshing when cracks grow. Studies of crack growth
under pure mechanical loads are reported for instance in Moës
et al. (1999) and Bouhala et al. (2010), to site only few. Crack
growth under thermal and thermo-mechanical loading is intro-
duced for instance in Duﬂot (2008) and Bouhala et al. (2012) using
the XFEM and the extended Free Element Galerkin method (XEFG)
respectively. Interaction of crack growth with an interface and
crack growth along an interface in bi-material structures are stud-
ied in Bae and Krishnaswamy (2001), Bhatnagar et al. (2010),
Sukumar et al. (2004) and Bouhala et al. (2013). Further, the XFEM
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sources and phase boundaries in Merle and Dolbow (2002) and
Areias et al. (2006). These advanced numerical methods are used
to model interfaces between different materials by using appropri-
ate enrichment functions that guaranty the continuity of ﬁelds
(such as temperature and displacement) and discontinuity of their
gradients (heat ﬂux and stresses) (Belytschko et al., 2001; Moës
et al., 2003). The cohesive crack propagation in multiphase porous
media was modelled in Mohammadnejad and Khoei (2012) and the
study of ﬂuid ﬂow in partially saturated porous media with weak
discontinuities in Mohammadnejad and Khoei (2013). Recently,
Shao et al. (2014) modelled the response of a cracked porous media
under multi-physics loading. They solved the problem using sev-
eral advanced numerical methods including XFEM. However the
study was limited to one layer porous medium with static cracks
and the ﬂuid ﬂow obeys only to Darcy’s equation.
The present work is devoted to crack propagation in porous
materials located between a ﬂow channel and dense materials
layer (see Fig. 1). This structural staking (ﬂow channel/porous
layer/dense layer) is typical to the SOFC technology, where the
ﬂuid (air and fuel) enters the multilayered structure, with constant
ﬂow rate and temperature, through the ﬂow channel then diffuses
into the porous layer. This work is a continuation of the study
introduced in Shao et al. (2014), the novelty here lies in the mod-
elling of a multilayered structure with the resolution of the
Navier–Stokes equations which gives a real distribution of pressure
and velocity. In addition, the possibility of the crack to propagate
under complex multi-physics is tackled. Indeed, this new study
deals with the ﬂuid ﬂow and heat transfer effects on the crack
propagation during and after the transient regime. The crack prop-
agation path is tracked and studied under different scenarii.
Numerous different advanced numerical methods are used to solve
the governing equations arising in the ﬂow channels, the porous
medium, and the solid dense material. The XFEM is introduced to
model the solid part in order to get the possibility to use non-con-
forming meshes; to avoid re-meshing when the crack propagates
and also to enhance the accuracy by adopting the partition of unity
principle. The methodology pursued is summarised as follows:
 Navier–Stokes–Darcy equations are solved respectively in the
ﬂow channel and in the porous media.
 The heat transport is split into two equations: one describes the
heat transfer in the solid phase and one describes the heat
transfer in the ﬂuid phase, and then solved.
 The thermo-mechanical problem is solved where the thermal
loading is considered as body forces.
 The stress intensity factors (SIF) are calculated for each step to
decide whether the crack propagates or not.
During the resolution of the multi-physics problemwe assumed
that the crack affects only the heat diffusion within the solid phase
of the porous layer. This assumption is made due to the smallw 
h1 
h2 
h3 
Fig. 1. A three-layered half structure with an internal crack.opening of the crack in the brittle media. Many equations in the
test are already derived in Shao et al. (2014), for more details the
reader is invited to consult this reference, some other heavy
formulations are returned to the Appendix A.
The paper is organised as follows: Section 2 is devoted to the
ﬂuid ﬂow part, where the governing equations are introduced
and discretised. Sections 3 and 4 treat respectively the heat trans-
fer and the thermomechanical parts of the multi-physics problem.
A detailed numerical application is introduced and discussed in
Section 5, where the results are presented and interpreted. Finally,
some concluding remarks are drawn in Section 6.
2. Fluid ﬂow problem
Equations describing the ﬂuid ﬂow in the channel and in the
porous medium with a constant porosity e are given by the
Navier–Stokes–Darcy and the continuity equations:
qf
e
@v
@t þ lK v þ
qf
e2 ðv  rÞv  ler  ðrvÞ þ rP ¼ 0
r  v ¼ 0
(
ð1Þ
where qf is the ﬂuid density, l is the dynamic viscosity, v is the
velocity vector, P is the pressure, K is the hydraulic permeability
of porous medium.
The ﬂow equation in (1) is solved with the Nonconforming
Crouzeix–Raviart (CR) Finite Element Method. This method works
for both steady state and transient ﬂows, provides continuous
ﬂuxes at element boundaries and satisﬁes the mass balance locally
at the element level. This property is essential when solving the
transport equation in order to avoid artiﬁcial sources and sinks.
The main steps of the ﬂow equation discretization on linear tri-
angular elements are recalled in this section. The two components
(vx,vy) of the velocity vector v are assumed to vary linearly inside
each triangular element E (see Fig. 2):
vxE ¼ vxiuEi þ vxjuEj þ vxkuEk; vyE ¼ vyiuEi þ vyjuEj þ vykuEk ð2Þ
where velocity degrees of freedom are located at the triangular ele-
ments mid-edges. The velocity unknowns ðvxi ;vyi Þ at the mid-edge i
are located facing the node i and uEi is the interpolation function,
which is nonzero only inside the two adjacent elements E and E0
sharing the edge i.
The variational formulation of the ﬂow equation (1) using the
test function ui writes:Fig. 2. The linear interpolation function for velocity ﬁeld.
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Using an implicit time discretization gives the mass and Darcy
terms:Z
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The upwind technique is used to deal with the discretization of
the convective term (see Schieweck and Tobiska (1989)):
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where the expressions of Qij and kij are detailed in Appendix A.
The pressure is assumed to be piecewise constant with degrees
of freedom located in the centre of triangular elements. Therefore,
the viscous and pressure terms in Eq. (3) writeZ
X
ðl
e
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¼ ljEje
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with Dxi = xj  xk and Dyi = yj  yk.
Finally, the mass conservation equation is discretized for each
element E asX
j
Dyjvxj þ Dxjvyj
 
¼ 0 ð7Þ
Once this system is solved, we can obtain the velocity ðvxi ; vyi Þ on the
edges and the value of pressure PE at the element E. Thus the veloc-
ity ðvxE;vyEÞ at the element E and the ﬂuid ﬂux QEi crossing the edge
can be calculated.
3. Heat transfer problem
Heat transfer in the ﬂow channel, the porous media and the
solid dense material is governed by heat conduction in the solid
phase and heat transport in the ﬂuid phase. Assuming a local ther-
mal equilibrium between the ﬂuid and solid phases and neglecting
all the density variations, the total energy conservation equation
writes:
ðqcÞPM
@T
@t
þr  ðqf cfqTÞ  r  ðkPMrTÞ ¼ QT ð8Þ
where T is the system temperature, q is the ﬂuid ﬂux, QT is the heat
source/sink function, (qc)PM = eqfcf + (1  e)qscs is the volumetricheat capacity of the system formed by both ﬂuid and solid phases,
qs is the mass density of the solid phase, cf and cs are the speciﬁc
heat capacity of the ﬂuid and solid phases respectively, kPM is the
tensor of equivalent thermal conductivity of the system. By consid-
ering thermal dispersion in the ﬂuid phase and heat conduction in
both solid and ﬂuid phases, the expression of kPM components is:
kPM;ij ¼ kdispfij þ k
condf
ij þ kcondsij
¼ qf cf aT jqjdij þ ðaL  aTÞ
qiqj
jqj
 	
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dispersive
þ ð1 eÞks þ ekf
 
dij|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
conductive
ð9Þ
where aL and aT are the longitudinal and transverse thermal disper-
sivities, dij is the Kronecker delta function. kf and ks are thermal con-
ductivities of the ﬂuid and solid phases.
3.1. Time splitting
Time splitting technique is used to allow different treatments of
the heat transfer in the solid and ﬂuid phases. At each time step Dt,
the heat equation is ﬁrst solved in the ﬂuid phase to calculate Tnþ1f
by solving
ðqcÞPM
Tnþ1f  Tn
Dt
þr  ðqf cfqTÞ  r  ðkfrTÞ ¼ QfT ð10Þ
where kf ¼ kcondf þ kdispf is the conduction–dispersion tensor in the
ﬂuid phase (see Appendix A).
Then, the heat conduction equation is solved in the solid phase
using Tnþ1f as initial temperature in
ðqcÞPM
Tnþ1  Tnþ1f
Dt
r  ðkcondsrTÞ ¼ QsT ð11Þ
where QfT , Q
s
T are respectively the heat sources in the ﬂuid and solid
phases and kconds is the conduction tensor in the solid phase (see
Appendix A).
3.2. Discretization of the heat equation in the ﬂuid phase
A combination of DG and MPFA methods is used to solve the
advection–dispersion heat transport in the ﬂuid phase (Bear,
1972). The DG method is used for the discretization of the advec-
tion part since it leads to a high-resolution scheme that has been
proven to be clearly superior to the already existing ﬁnite element
methods (Arnold et al., 2002). The diffusion part of the heat trans-
port equation is solved using the symmetric MPFAmethod (Younes
and Fontaine, 2008; Aavatsmark et al., 1996). The MPFA method
uses more than two elements to compute ﬂuxes across edges.
The method is locally conservative and can handle general irregu-
lar grids on anisotropic heterogeneous domains. The MPFA and DG
discretization can be gathered into one system matrix (Younes and
Ackerer, 2008a,b), which avoids operator splitting errors. In the fol-
lowing, we summarise the main developments of the discretiza-
tion. The heat equation can be written in the following mixed form
ðqcÞPM @Tf@t þr  ðqf cfqTf Þ þ r  qcd ¼ QfT
qcd ¼ kfrTf
(
ð12Þ
where qcd is the conduction-diffusion ﬂux, assumed to vary linearly
inside the element E , therefore,
r  qcd ¼ 1jEj
X
i
Qcd@Ei ð13Þ
where Qcd@Ei is the conduction–diffusion heat ﬂux across the edge i of
the element E.
We use the P1 DG method where the approximated solution
Tf(x, t) is expressed with linear basis functions w
E
i on each element:
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E ¼
P3
i¼1T
E
f ;iðtÞwEi ðxÞ , where TEf ;iðtÞ are the three unknown
coefﬁcients corresponding to the degrees of freedom which are
the average value of the temperature deﬁned at the triangle cen-
troid ðxE; yEÞ and its deviations in each space directions
(Cockburn et al., 1989). Thus deriving the variational formulation
of the heat transport equation and using the Green’s formula,
results in:Z
E
ðqcÞPM
@Tf
@t
wEi þ
Z
@E
qf cf Tfw
E
i q  n@E 
Z
E
qf cf Tfq  rwEi
þ
X
j
Qcd@Ej
jEj
Z
E
wEi ¼
Z
E
QTw
E
i ð14Þ3.3. Discretization of the heat equation in the solid phase
An XFEM is used to discretize the heat equation in the solid
phase taking into account effects of cracks on the temperature
distribution
ThðxÞ ¼
X
i2N
/iðxÞTi þ
X
i2NC
/iðxÞHTðxÞai þ
X
i2NK
/iðxÞbrðxÞbi ð15Þ
/i being the shape function on node i, N the set of the domain nodes,
NC nodes of the elements crossed by the crack surface, NK nodes of
the crack tip zone, Ti nodal temperature, ai, bi added degrees of free-
dom, H(x) and br(x) the enrichment functions of the discontinuous
ﬁeld and the singular ﬁeld.
Noteworthy, if we assume that there is no heat ﬂux normal to
the crack surface, the signed distance function is well suited to
model the jump in the temperature ﬁeld and brðr;hÞ¼ ﬃﬃrp sinðh=2Þ
where r and h are the local polar coordinates of the considered
point in a local system based on the crack tip. Then substituting
the approximated temperature in the variational form of the heat
transport, multiplying the equation by the shape function and
using Green’s formula the following system is obtained:
ðqcÞPM
RTTij R
Ta
ij R
Tb
ij
RaTij R
aa
ij R
ab
ij
RbTij R
ba
ij R
bb
ij
2
6664
3
7775
@Tj
@t
@aj
@t
@bj
@t
2
66664
3
77775þ kcondsij
GTTij G
Ta
ij G
Tb
ij
GaTij G
aa
ij G
ab
ij
GbTij G
ba
ij G
bb
ij
2
66664
3
77775
Tj
aj
bj
2
664
3
775
¼ QsT  jEj þ kcondsij ðrT  n@XÞ
j@Elj
2
ð16Þ
the elements of the global matrices [R] and [G] are detailed in the
Appendix A.
4. Thermo-mechanical problem
4.1. Governing equation and discretization
Equilibrium equation under prescribed boundary conditions of
a 2D domain X is given by:
div rþ b ¼ 0 in X
u ¼ u on Cu
r  n ¼ t on Ct
ð17Þ
where, r is the Cauchy stress tensor, div refers to the divergence
operator, b are body forces per unit volume, u is the displacement
vector, n is the unit outward normal, u and t are prescribed dis-
placement and tractions at boundaries Cu, Ct respectively.
The constitutive relation for thermal elastic problems is given
by the generalised Hooke’s law:
r ¼ C : D ðbDTÞI ð18Þwhere C is the material stiffness tensor, D =rsu is the strain tensor,
DT = T  T0 is the change of temperature between the initial and the
current steps, b = aE/(1  2m) is a material constant related to
Young’s modulus E, Poisson’s ratio m and thermal expansion coefﬁ-
cient a (in the plain strain conditions), I is the identity tensor.
Substituting the constitutive relation in the weak form of equilib-
rium leads toZ
X
DðduÞ : ðC : DðuÞ  ðbDTÞIÞ dX ¼
Z
X
du  bdXþ
Z
Ct
du  tdCt
ð19Þ
The displacement is approximated using XFEM by
uhðxÞ ¼
X
i2N
Uiui þ
X
i2NC
UiHðxÞci þ
X
i2NK
Ui
X
k
brkðxÞdki ð20Þ
where ci and d
k
i are added degrees of freedom vectors. The singular
functions brk(x) given in the local system centred at the crack tip are
deﬁned by:
br14ðr; hÞ ¼
ﬃﬃ
r
p
sin
h
2
;
ﬃﬃ
r
p
cos
h
2
;
ﬃﬃ
r
p
sin
h
2
sin h;
ﬃﬃ
r
p
cos
h
2
sin h
 
ð21Þ
By substituting the approximated displacement in the varia-
tional form of equation, multiplying the equation by the shape
function U and using Green’s formula the following system to
solve can be obtained:Z
X
BTC BdX  U ¼
Z
X
BTðbDTÞIdXþ
Z
X
UTbdXþ
Z
Ct
UTtdCt ð22Þ
where Bi is the matrix of shape function derivatives on node i. When
the node is not enriched it reads:
Bi ¼
Ui;x 0
0 Ui;y
Ui;y Ui;x
2
64
3
75 ð23Þ
When the node is enriched by the Heaviside function (near the
crack surface), Bi reads:
Bi ¼
Ui;x 0 Ui;xHðxÞ 0
0 Ui;y 0 Ui;yHðxÞ
Ui;y Ui;x Ui;yHðxÞ Ui;xHðxÞ
2
664
3
775 ð24Þ
When the node i is enriched by the branch enrichment func-
tions, Bi becomes:
Bi ¼
Ui;x 0 ci1;x 0 ci2;x 0 ci3;x 0 ci4;x 0
0 Ui;y 0 ci1;y 0 ci2;y 0 ci3;y 0 ci4;y
Ui;y Ui;x ci1;y ci1;x ci2;y ci2;x ci3;y ci3;x ci4;y ci4;x
2
6664
3
7775
ð25Þ
where, cikx ¼ Ui;xbrkðxÞ þUibrk;xðxÞ and ciky ¼ Ui;ybrkðxÞ þUibrk;yðxÞ;
k ¼ 1;4.
4.2. Crack growth criterion
The stress intensity factor (SIF) is used in the crack growth cri-
terion and in the crack orientation angle calculation. It is computed
using the interaction integral which is derived from the path inde-
pendent J-integral. The technique assumes the existence of an aux-
iliary mode rð2Þij ;D
ð2Þ
ij ;u
ð2Þ
i
 
associated to the real mode
rð1Þij ;D
ð1Þ
ij ;u
ð1Þ
i
 
. By using the superposition principle, Green’s the-
ory and separating terms, the interaction integral between state
(1) and state (2) is (see Duﬂot, 2008; Bouhala, 2010, 2012):
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Z
A
rð1Þij
@uð2Þi
@x1
þ rð2Þij
@uð1Þi
@x1
W ð1;2Þd1j
" #
@q
@xj
dA
þ
Z
A
btraceðDð2ÞÞ @T
@x1
 	
qdA ð26Þ
where q is a weighting function i.e. a smooth function deﬁned over
the integral domain which takes a value of unity at the crack tip and
zero on the contour C.
The interaction strain energyW(1,2) in thermo-mechanical prob-
lems is given by
W ð1;2Þ ¼ 1
2
rð1Þij D
ð2Þ
ij þ rð2Þij Dð1Þij  bDð2Þij DT
 
ð27Þ
The interaction integral is also linked to the SIF KI (mode I) and
KII (mode II) of the two aforementioned states (1) and (2) by the
following relation
Ið1;2Þ ¼ 2
E
Kð1ÞI K
ð2Þ
I þ Kð1ÞII Kð2ÞII
 
ð28Þ
where E⁄ = E/(1  m2) for plane strain assumption. Combining equa-
tions (26) and (28), the SIF can be calculated by choosing the ade-
quate auxiliary mode, for instance to compute KI, we choose pure
mode one as auxiliary mode with unitary SIF. This choice leads to
Kð2ÞI ¼ 1; Kð2ÞII ¼ 0 and Eq. (28) is reduced to Ið1;2Þ ¼ 2Kð1ÞI =E, then
KI can be easily obtained. Similarly KII can be obtained by choosing
a pure mode two as auxiliary mode with unitary SIF
(Kð2ÞI ¼ 0; Kð2ÞII ¼ 1).
Once the SIFs are computed the crack orientation angle can be
deduced using the maximum principal hoop stress by solving the
equation: srh = 0, where srh is the shear stress derived from the
asymptotic displacement expression at the crack-tip
srh ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
 
1
2
KI sinðhÞ þ 12KIIð3 cosðhÞ  1Þ
 
¼ 0 ð29Þ
Then, the crack growth direction hp is given by:
hp ¼ 2arctan
KI 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðKIÞ2 þ 8ðKIIÞ2
q
4KII
0
@
1
A ð30Þ
The initial existing crack is considered to grow instantaneously
once the equivalent SIF (KIeq) overcomes the material toughness
(KIc). The equivalent stress intensity factor is given by
KIeq ¼ KI cos3 hp2
 
 3KII cos2 hp2
 
sin
hp
2
 
ð31ÞTable 1
SOFC electrode mechanical properties.
Electrode Electrolyte Cathode Anode
Young modulus (MPa) 3530 1680 24485. Results
Before investigating ﬂuid ﬂow and heat transfer effects on crack
growth in the SOFC unit, the effective thermal and mechanical
properties of the SOFC components are determined. To this aim
experiments are conducted to measure the thermal and mechani-
cal properties of the SOFC components dense material then a
homogenisation method is used to derive the effective properties
of the corresponding porous anode and cathode materials.
5.1. Thermal and mechanical properties of SOFC components
Solid dense electrolyte thermal and mechanical properties are
measured directly on prepared electrolyte specimens. However,
due to the difﬁculty preparing porous samples with the required
dimensions for the measurement equipments, the cathode and
the anode electrodes properties are estimated using a homogenisa-
tion method.Experiments: Commercially available chemicals are used to
prepare solid dense specimens from SOFC electrodes: electrolyte,
cathode and anode. For preparing electrolyte specimens, YSZ pow-
der TZ8YS (8 mol% Y2O3, Tosoh, Tokyo, Japan) with an average par-
ticle size of 1.3 lm was used. In order to fabricate the cathode
specimens La0.6Sr0.4Co0.2Fe0.8O3, LSCF (Fuel cell materials, Ohio,
OH, USA) with an average particle size of 1 lm was utilised.
And for the anode specimens, a handled mix of 30 wt% of NiO
(Sigma–Aldrich, St. Louis, MO, USA) with an average particle size
of 44 lm, and 70 wt% of TZ8YS was used for making the pellets.
Cylindrical shaped specimens with speciﬁc sizes are prepared
for the measurement of the thermal diffusivity, thermal expansion,
density and Young modulus. Due to the sample size requirement
for each used measurement’s equipments, speciﬁcally for the ther-
mal diffusivity and thermal expansion, dies with different size are
used. For instance the measurement of diffusivity requires speci-
mens with a diameter between 7.3 and 8.2 mm and a height
between 2 and 3 mm. To this end uniaxial die with 10 mm diame-
ter is used and the specimens are pressed twice during 30 s at 1
metric ton. Regarding the measurement of the thermal expansion,
the used cylindrical specimens should be less than 12 mm diame-
ter with a length between 20 and 25 mm. This was achieved using
an isotactic press, where the specimen is pressed during 10 min at
7.5 metric ton.
The different obtained specimens were calcined at high temper-
atures to obtain well sintered samples: the electrolyte was heated
for 2 h at 1500 C, the cathode was heated for 3 h at 1250 C and
the anode was heated for 2 h at 1400 C.
The Young modulus is deduced from Dynamic mechanical anal-
ysis (DMA) measurements conducted on a DMA242C apparatus.
Since the Young moduli of the studied materials are relatively
not sensitive to the temperature variation, the DMAmeasurements
are conducted at room temperature and assumed independent of
the temperature. The measured Young moduli of the three SOFC
materials are summarised in Table 1. Regarding the thermal prop-
erties, the measurements were performed in a range of 200 C
between 1000 and 200 C. The thermal conductivity is deduced
from the measured thermal diffusivity a(T), speciﬁc heat Cp(T)
and bulk density q(T) according to the following equation
kðTÞ ¼ qðTÞCpðTÞaðTÞ. The thermal diffusivity of the sintered spec-
imens was measured by a LFA 457 laser ﬂash thermal diffusivity
apparatus. The thermal expansion coefﬁcient (TEC) was obtained
thanks to a DIL 402 C dilatometer. The speciﬁc heat capacity was
acquired thanks to the differential scanning calorimetry of a DSC
F1 Phoenix calorimeter. All the instruments were supplied by Net-
zch Group, Germany.
The measured thermal properties vs. the temperature are sum-
marised in Table 2 for the electrolyte, cathode and anode.
SOFC effective thermal and mechanical properties: The effec-
tive thermal expansion coefﬁcient of ceramic porous materials is
independent of the pores volume fraction variation and remains
equal to the one of the ceramic matrix (Boey and Tok, 2003;
Tummala and Friedberg, 1970). Therefore, Cathode and Anode
effective thermal expansion coefﬁcients are taken equal to those
measured from their corresponding matrices (see Table 2). How-
ever, the effective mechanical properties and the effective thermal
conductivity of porous materials depend on the pores volume frac-
tion, and can be estimated using homogenisation methods appro-
priate for composite materials with a strong-contrast between
Table 2
Thermal properties vs. the temperature of SOFC dense materials.
T (C) Speciﬁc heat J/(g K) Diffusivity mm2/s Density g/cm3 Conductivity W/(m K)
Electrolyte 200 0.55 0.52 5.84 1.67
400 0.57 0.49 5.80 1.62
400 0.57 0.47 5.73 1.53
600 0.59 0.46 5.69 1.55
1000 0.61 0.43 5.65 1.47
Measured thermal expansion coefﬁcient [200 C–1000 C] = 11.5  106 K1
Cathode 200 0.55 0.55 6.12 1.84
400 0.59 0.58 6.05 2.08
600 0.60 0.64 5.99 2.29
800 0.66 0.60 5.68 2.26
1000 0.70 0.51 5.56 1.99
Measured thermal expansion coefﬁcient [200 C–600 C] = 18.0  106 K1 [600 C–1000 C] = 37.7  106 K1
Anode 200 0.60 0.96 1.45 0.84
400 0.65 0.84 1.44 1.78
600 0.66 0.75 1.43 1.71
800 0.62 0.69 1.42 0.60
1000 0.55 0.64 1.41 0.49
Measured thermal expansion coefﬁcient [200 C–1000 C] = 12.7  106 K1
(a) (b) 
(c) (d) 
Fig. 3. Micrographs of a porous (heterogeneous) material with different pores
volume fraction (black phase): (a) e = 0.2; (b) e = 0.3; (c)e = 0.4; (d) e = 0.5.
Table 3
Effective thermal conductivity of SOFC components.
T (C) Dense matrix, W/(m K) ke at 20% of pores, W/(m K) ke at 30%
Cathode 200 1.84 1.3229 1.1065
400 2.08 1.4953 1.2508
600 2.29 1.6463 1.3771
800 2.26 1.6247 1.3591
1000 1.99 1.4306 1.1967
Anode 200 0.84 0.6039 0.5051
400 0.78 0.5607 0.4690
600 0.71 0.5104 0.4269
800 0.60 0.4313 0.3608
1000 0.49 0.3522 0.2946
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Mikdam et al., 2013a,b; Azoti et al., 2013). To this aim, the effective
thermal conductivity and mechanical properties of the anode and
cathode porous materials is calculated using the strong-contrast
version of the statistical continuum theory (Torquato, 2002). The
porous material is assumed to be isotropic and represented by
micrographs (Fig. 3) with different pores volume fraction
(e ¼ 0:2;0:3;0:4; and 0:5) that are computer-generated using a
statistical continuum theory based algorithm (Mikdam et al.,
2013a,b). Within the statistical continuum theory, the microstruc-
ture morphology (Fig. 3) of the porous materials is represented by
statistical correlation functions that take into account the shape,
orientation and distribution of pores. The readers may refer to pre-
vious works (Mikdam et al., 2009; 2013a,b) for more details on
mathematical formulation of the effective properties. The calcu-
lated isotropic effective conductivity for cathode and anode are
reported in Table 3, respectively. Regarding the mechanical proper-
ties, the cathode and anode dense matrix Young moduli (see
Table 1) are combined with a poison coefﬁcient of m = 0.32
(Selçuk and Atkinson, 1997) to compute the effective shear modu-
lus and bulk modulus, which are summarised in Table 4 function of
the pores volume fraction.
5.2. Solving procedures of multi-physics problem
Flow and heat equations are solved sequentially which allows
the use of different temporal discretization and therefore, allows
achieving high accuracy for each equation. In this work, the ﬂow
system (1) is solved using an implicit time discretization whereasof pores, W/(m K) ke at 40% of pores, W/(m K) ke at 50% of pores, W/(m K)
0.9082 0.7263
1.0269 0.8211
1.1305 0.9039
1.1157 0.8921
0.9824 0.7855
0.4149 0.3316
0.3851 0.3079
0.3505 0.2803
0.2962 0.2368
0.2419 0.1934
Fig. 5. Crack tip positions for three BC sets.
Flow channel
Porous anode 
Electrolyte
Porous cathode
Flow channel
w 
h1 
h2 
h3 
h4 
h5 Flow inlet
Flow inlet
Fig. 6. SOFC unit.
Table 4
Effective mechanical properties of SOFC components.
Shear modulus Bulk modulus Pores volume fraction (%)
Anode 585.451 1062.171 20
458.755 747.256 30
352.346 521.945 40
264.326 363.951 50
Cathode 401.780 728.941 20
314.832 512.823 30
241.806 358.197 40
181.400 249.770 50
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the heat equation (10). The unknowns are progressed from the
time increment tn to tn+1 as follows:
Step1: Navier–Stokes–Darcy equation (1) is solved then ﬂuid
ﬂow velocity for current time step vn+1 is obtained.
Step2: The heat transfer equation in the ﬂuid phase (10) is
solved using the ﬂow velocity vn+1 to get Tnþ1f .
Step3: Update the thermal conductivity in the solid phase:
ðkconds Þnþ1 ¼ FðTnÞ (the updating function is ﬁtted from
experimental results).
Step4: Compute the heat transfer in the solid phase (11) with
the presence of cracks using Tnþ1f as the initial tempera-
ture ﬁeld and ðkconds Þnþ1 as the thermal conductivity, then
the ﬁnal temperature at the current time step Tn+1 is
obtained.
Step5: Inject the temperature Tn+1 as a body force in the ther-
mal–mechanical problem (19) then the displacements,
stresses, stress intensity factors as well as the direction
of crack propagation are calculated.
Step6: Compare the equivalent SIF KIeq with the fracture tough-
ness KIc to decide whether the crack propagates or not. If
the crack criterion is not satisﬁed KIeq < KIc, go back to
step1 and start a new cycle from tn+1 to tn+2. If the crack
propagation criterion is satisﬁed then go to step7.
Step7: Extend the crack by one increment along the growing
direction computed in step5.
Step8: Repeat step5 and step7 until the threshold number of
crack extension increments is reached.Table 5
Geometry dimensions and material parameters for SOFC.
Width w = 20.0 mm
Height h1 = 1.0 mm
h2 = 2.0 mm
h3 = 1.0 mm
h4 = 5.0 mm
h5 = 1.0 mm
Effective porosity of porous
media
e = 0.2–0.5
Fluid density qair = 0.3236 kg/m3
qfuel = 0.0224 kg/m3
Dynamic viscosity lair = 3.48  105 Pa s
lfuel = 2.65  105 Pa s
Permeability K = 15.13  1012 m2
Volumetric heat capacity ðqCÞair ¼ 0:3741 103 J=ðm3 	CÞ
ðqCÞfuel ¼ 0:3395 103 J=ðm3 	CÞ
Dispersivity aL = 0.0 m , aT = 0.0 m
Thermal conductivity kair ¼ 0:0692 J=ðs m 	CÞ
kfuel ¼ 0:450 J=ðs m 	CÞ
kelectrolyte ¼ 2:35 104  T þ 1:709 J=ðs m 	CÞ
kcathode ¼ m1T3 þm2T2 þm3T þm4 J=ðs m 	CÞ
kanode ¼ n1T2 þ n2T þ n3 J=ðs m 	CÞ
Porous material toughness KI c0 ¼ 0:022 MPa m1=2
a 
l 
L 
D 
C 
B 
A 
10°C 
-10°C 
Fig. 4. Cruciform plate; geometry and boundary condition.
3564 Q. Shao et al. / International Journal of Solids and Structures 51 (2014) 3557–35695.3. Validation of the numerical model
Due to the difﬁculty ﬁnding literature benchmark examples to
validate the developed model, a partial validation is conducted.
First validation is conducted in our previous work (Shao et al.,
2014) regarding the thermo-mechanical problem, where theFig. 7. Crack-tip position when the air and fuel ﬂow
Table 6
Coefﬁcients for thermal conductivities.
Porosity 0.2 0.
Cathode m1 2.545  109 
m2 3.052  106 2.
m3 4.079  104 
m4 1.323 1.
Anode n1 2.369  107 
n2 2.481  105 
n3 0.610 0.
Pressure field and flow streamlines
Horizontal displacement (m)
Horizontal stress (MPa) 
Fig. 8. Obtained ﬁelds at the end of simulaticalculated SIF is compared to ones found in the literature. Since
the present study concerns crack propagation, the thermomechan-
ical part is validated considering the benchmarking test of the cru-
ciform shaped plate (Prasad and Aliabadi, 1994). The geometry of
the plate is depicted in (Fig. 4). The simulation of the crack propa-
gation is conducted for purely thermal loading. The initial crackfrom the opposite sides, for different porosities.
3 0.4 0.5
2.129  109 1.747  109 1.397  109
554  106 2.096  106 1.675  106
3.412  104 2.792  104 2.235  104
107 0.908 0.726
1.982  107 1.623  107 1.302  107
2.066  105 1.760  105 1.354  105
510 0.419 0.335
Temperature field ( C)
Vertical displacement (m)
Shear stress (MPa) 
ons for conﬁguration-1 and porosity 0.2.
Fig. 9. Crack-tip position when the air and the fuel ﬂow from the left side for different porosities.
Table 7
Geometry dimensions and material parameters.
Width w = 2.0 mm
Height h1 = 0.2 mm
h2 = 0.6 mm
h3 = 0.2 mm
Effective porosity of porous media e = 0.4
Fluid density qf = 1.0  103 kg/m3
Dynamic viscosity l = 8.9  104 Pa s
Permeability K0 = 15.13  1013m2
Volumetric heat capacity qf Cf ¼ 4:2 106 J=ðm3 	CÞ
qsCs ¼ 2:3 106 J=ðm3 	CÞ
Dispersivity aL = 0.0 m , aT = 0.0 m
Thermal conductivity kf ¼ 0:65 J=ðs m 	CÞ
ks ¼ 1:50 J=ðs m 	CÞ
Young’s modulus E2 = 7.40  104 MPa
Poisson’s ratio m1 = m2 = 0.3
Thermal expansion coefﬁcient a ¼ 1:67 105=	C
Porous material toughness KI c ¼ 0:8 MPa mm1=2
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zontal axis. The SIF are computed using Eqs. (26) and (28). Then
Eq. (30) is used to determine the growth angle. Here the top (B)
and the bottom (D) sides of the plate are subjected respectivelyEnriched 
Vertical displ
Vertical str
Fig. 10. Crack path, displacement and stress ﬁelds ato 10 and 10 C. We calculated the heat transfer at the transient
regime until the steady state is attained then the crack propagation
is tracked. The domain is meshed with unstructured triangular ele-
ments in three different levels: 4188 elements, 7830 elements and
10,438 elements.
Fig. 5 shows that the crack changes its propagation direction
and moves towards the right side of the plate for this boundary
set (BC set 1). The crack path is also checked for the two other
boundary sets and good agreement was found with those reported
in Prasad and Aliabadi (1994), where the authors obtained the
ﬁelds using the dual boundary element method combined with a
general thermo-elastic analysis. The SIF are also computed in this
reference using the J-integral technique and the maximum princi-
pal stress is used as the crack propagation criterion.
5.4. Application to planar SOFC unit
During the working process of a SOFC unit, the ﬂow enters the
multi-layered structure through the ﬂow channel, with a constant
inﬂow temperature and ﬂow rate, and then diffuses in the adjacent
porous cracked layer (see Fig. 6). The crack is assumed permeable
and adiabatic, and grows when the equivalent SIF overcomes the
material toughness.elements
acement (mm)
ess (MPa) 
t different simulation time for (E1 = E2  100).
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investigate its propagation path vs. the material porosity for two
different ﬂuid inﬂow conﬁgurations. In the ﬁrst conﬁguration (con-
ﬁguration-1) the air enters into the ﬂow channel adjacent to the
cathode from the right side while the fuel enters into the channel
adjacent to the anode from the left side, and in the second conﬁg-
uration (conﬁguration-2) both ﬂuids (air and fuel) are assumed to
enter the SOFC unit channels from the same side (left side, see
Fig. 6). The crack is assumed to propagate instantaneously once
the equivalent SIF at each crack-tip overcomes the critical one.
Note that the toughness of the porous material is calculated from
the toughness of the dense material and the porosity following
(Joulaee et al., 2007). The onset of the crack propagation is due
to residual stresses resulting from the properties mismatch of the
cell components and the spatial variation of the temperatureFig. 11. Crack tip position in a three-layered structure for different materials
mismatch.
Temperat
Vercal displa
Vercal str
λs=0.5 W/(m°C) λs=3.0 W
Fig. 12. Temperature, displacement and stress ﬁeldsduring the heating process (transient state). For both conﬁgura-
tions the initial cell temperature is taken equal to 25 	C and the
temperature at the channels inﬂow is of 800 	C. The cell compo-
nents dimensions and the material properties are given in Tables
1–6. Fig. 7 shows the crack propagation path corresponding to
the conﬁguration-1 for different material porosities of the anode
and the cathode. For all considered material porosities, the propa-
gation starts at the crack-tip1 (tip on the left) then followed by the
crack-tip2 (tip on the right). Further, the crack propagation onset
time increases with the decrease of the porosity. Due to the com-
plex loading induced by the variation of temperature spatial distri-
bution, the crack-tip1 propagates towards the cathode/electrolyte
interface while the crack-tip2 propagates towards the free chan-
nel/cathode interface. Once close the cathode/electrolyte interface,
the crack deviates because of the mismatch of the mechanical pro-
prieties between the cathode and the electrolyte. Fig. 8 illustrates
the displacements, temperature and stress components contours
at the end of the simulation for the case where the electrodes
porosity of 0.2. The residual stresses at the vicinity of the elec-
trodes/electrolyte interfaces are higher at the left side of the cell
due to small thickness of the anode that allow for higher temper-
ature diffusion. The residual stresses magnitudes vary with the
material porosity then in turn affect the crack propagation paths.
For conﬁguration-2, the propagation path of the crack-tip2
(Fig. 9) is less affected by the stresses resulting from the mismatch
of the thermal expansion coefﬁcient. Therefore, the propagation
path variation is more dominated by the mismatch of the mechan-
ical properties between the cathode and the electrolyte (Bouhala
et al. 2010).
5.5. Parametric study
Considering a half SOFC structure made of a ﬂow channel,
porous and solid dense materials. The structure contains a horizon-
tal crack located in the porous layer. The geometry, dimensions
and boundary conditions are reported in Fig. 1, while theure (°C) 
cement (mm)
ess (MPa) 
/(m°C) λs=5.0 W/(m°C) 
for different thermal conductivities of the solid.
Fig. 13. Crack tip position in a three-layered structure for different thermal
conductivities of the solid.
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input ﬂow velocity, within the interval (x = 0,y 2 [0,0.2 mm]),
is taken zero in the y direction and follows the equation
vx ¼ 1000 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃyð0:2 yÞp mm/s in the x direction. Further the ﬂow
enters the channel with a constant temperature T ¼ 25 	C.
Note that, we consider in this parametric study that the mate-
rial parameters are temperature independent (see Table 7).
5.5.1. Young’s modulus ratio effect
In this test, we restricted the variation of the parameters gov-
erning the current problem on the mismatch between Young’s
modulus of the dense and the porous layers. Fig. 10 shows the
crack propagation path, the vertical displacement and stress com-
ponents contours for E2 = E1  100 at steps 1, 8 and 15. Note thatTemperatur
Vercal displac
Vercal stre
K=K0/10 K=K0×50
Fig. 14. Temperature, displacement and stress ﬁelds fothe crack propagation path is indicated by the enriched elements
during crack growth. The SIFs are calculated at both crack-tips:
crack-tip1 on the left side of the crack (see Fig. 1) and crack-tip2
on the right side. The thermal load leads to a growth of the
crack-tip2 ﬁrst, and then crack-tip1 starts to grow after the 5th
crack propagation step of crack-tip2. The deﬂection of the crack-
tip2 far from the bi-material interface is due to the high mechani-
cal properties of the solid dense material. The interface effect on
the crack-tip2 orientation is reported in Fig. 11 for different combi-
nations of the dense/porous materials Young’s moduli. During the
ﬁrst growth steps, the crack is driven by the developed stress state
and does not feel the interface effect until it approaches the
interface.
5.5.2. Solid thermal conductivity ðksÞ effect
Another parameter crucial for heat transfer we investigated is
the thermal conductivity of the solid, this inﬂuences the tempera-
ture distribution and we wanted to see the impact on the rest of
the problem. The non-linear effect of the solid phase thermal con-
ductivity on the crack propagation path is demonstrated in Figs. 12
and 13. The case where ks ¼ 1:5 W=m 	C and E1 ¼ E2  50 MPa (see
Fig. 11) is taken as a reference then the thermal conductivity is var-
ied to illustrate its effect on the crack propagation path. Fig. 12
shows the temperature and the vertical component of the displace-
ment and stress contours for different thermal conductivities
ðks ¼ 0:5;3:0;5:0 W=ðm 	CÞÞ. The temperature diffusion in the por-
ous material is enhanced by the increase of the thermal conductiv-
ity. However due to its adiabatic nature the crack block the heat
ﬂux and leads to an increase of the temperature.
Fig. 13 shows the shift of the crack propagation path when the
solid thermal conductivity changes. Relative to the crack propaga-
tion reference curve (ks ¼ 1:5 W=m 	C), the decrease of the thermal
conductivity decreases the temperature diffusion and increases the
temperature gradient in the vicinity of the initial crack. More the
temperature gradient is high more the amplitude of stresses is high
too, which explains the shift of the crack path orientation.e (°C) 
ement (mm)
ss (MPa) 
K=K0×500
r different permeability values of the porous layer.
Fig. 15. Crack tip position in a three-layered structure for different permeability
values of the porous layer.
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The variation of the permeability inﬂuences the crack propaga-
tion path in the same manner as the thermal conductivity of the
solid phase, but with different amplitudes. In fact the increase of
the permeability enhances the ﬂuid ﬂow in porous media, which
in turn increases the heat transport by advection within the porous
material and decreases the temperature gradient. Fig. 14 illustrates
the temperature and the vertical displacement and stress compo-
nents contours resulting from three ﬂuid permeabilities
ðK ¼ K0=10;K0  50;K0  500Þ with ðK0 ¼ 15:13 1013 m2Þ, solid
phase thermal conductivity ks ¼ 1:5 W=m 	C, and Young moduli
E1 ¼ E2  50 MPa. For the same simulation time (t = 0.02 s), the
increase of the permeability increases the ﬂuid ﬂow in porous layer
and decreases the temperature gradient in the vicinity of the crack.
The decrease of the temperature gradient tends to homogenise the
stresses around the crack-tip and decreases the crack orientation
amplitude once it starts to propagate, this behaviour is illustrated
in Fig. 15.6. Conclusions
A multi-physics model is developed to study crack propagation
dependence on ﬂuid ﬂow and heat transfer in porous/dense mate-
rial. This development is used to study crack propagation in SOFC
unit. The ﬂuid ﬂow, heat transfer and thermo-mechanical equa-
tions are coupled and solved using advanced numerical methods,
where the XFEM is used to void burdens related to re-meshing. A
post processing treatment was needed at each time-step to moni-
tor the crack propagation. The temperature distribution within the
porous material results from thermal diffusion in the solid phase
and convection by means of the ﬂuid ﬂow within the pores. The
crack is assumed to affect the heat diffusion that induces the dis-
continuity of the temperature. The implemented method seems
to be robust and costly efﬁcient due to advantages imported by
the XFEM. It is found that the crack propagation is due to the built
up of residual stresses resulting from the temperature gradient and
the mismatch of the layer’s physical properties. It is found that
more the mismatch between layer’s stiffness is high, more the
crack deviates from the interface. Further, the parameters study
showed the inﬂuence of each material and process parameter on
the crack propagation. This parametric study revealed a complexdependence of crack propagation on the material and process
parameters within a SOFC unit.
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Appendix A
Conduction parameters:
(1) kcondfij ¼ ekf dij
(2) k
dispf
ij ¼ qf cf aT jqjdij þ ðaL  aTÞ
qiqj
jqj
h i
(3) kcondsij ¼ ð1 eÞksdij
Interpolation function and its derivatives:
(4) uEi ¼ 1jEj xðyk  yjÞ þ yðxj  xkÞ þ 12 ðyjxk þ yjxi  ykxi  ykxj  yi

xj þ yixkÞ

where |E| is the area of element E. (xi,yi), (xj,yj) and (xk,yk) are the
coordinates of vertex i, j, k of element E, respectively. This function
equals to 1 on the mid-edge i and 0 on the other two mid-edges j
and k of element E, see ﬁgure.
We can also get the derivatives of the interpolation function
(5) ruEi ¼ 1jEj
yk  yj
xj  xk
 
¼ 1jEj
Dyi
Dxi
 
The conductivity tensor
(6) K ¼ Kxx KxyKyx Kyy
 
(7) TE1 ¼ 1jEj
R
E T ¼ TE; TE2 ¼ @T@x ¼ TEx ; TE3 ¼ @T@y ¼ TEy
And wEi ðxÞ are the corresponding interpolation functions, with
the value 0 outside element E, and inside element E, equal to:
(8) wE1 ¼ 1; wE2 ¼ x xE; wE3 ¼ y yE
in which ðxE; yEÞ are the coordinates of the triangle centroid of ele-
ment E.
Upwind scheme for the advective ﬂuxes on the element
boundaries
(9)
R
@E qf cf Tw
E
i q  n@E ¼ qf cf
P3
l¼1
QE
@El
j@Elj kl
R
@El
P
jT
E
j w
E
j w
E
i þ ð1 klÞ
R
@El
h
P
jT
El
j w
El
j w
E
i 

With kl ¼ 1 if q  n@El P 0
kl ¼ 0 if q  n@El < 0

where El is the adjacent element to element Ewith which shares
a common edge oEl. TEj is the temperature in element E, and T
El
j is
the temperature in the adjacent element El which has the edge
oEl in common with element E. QE@El is the ﬂuid ﬂux across edge
obtained from solving the ﬂuid ﬂow equation, deﬁned as:
(10) QE@El ¼
R
@El q  n@El ¼ q  n@Elj@Elj
(11) Aij ¼ ðqcÞPM
R
E w
E
j w
E
i
(12) Bteij ¼ qf cf
R
E w
E
j q  rwEi
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PNE
l¼1kl
QE
@El
j@Elj
R
@El w
E
j w
E
i
(14) Mlij ¼ qf cf ð1 klÞ Q
E
@El
j@Elj
R
@El w
El
j w
E
i
(15)
RTTij ¼
R
E /j/i
RTaij ¼
R
E HðxÞ/j/i
RTbij ¼
R
E brðxÞ/j/i
8><
>:
(16)
RaTij ¼
R
E /jHðxÞ/i
Raaij ¼
R
E HðxÞ/jHðxÞ/i
Rabij ¼
R
E brðxÞ/jHðxÞ/i
8><
>:
(17)
RbTij ¼
R
E /jbrðxÞ/i
Rbaij ¼
R
E HðxÞ/jbrðxÞ/i
Rbbij ¼
R
E brðxÞ/jbrðxÞ/i
8><
>:
(18)
GTTij ¼
R
E
@/j
@x
@/i
@x þ
@/j
@y
@/i
@y
 
GTaij ¼
R
E
@ðHðxÞ/jÞ
@x
@/i
@x þ
@ðHðxÞ/jÞ
@y
@/i
@y
 
GTbij ¼
R
E
@ðbrðxÞ/jÞ
@x
@/i
@x þ
@ðbrðxÞ/jÞ
@y
@/i
@y
 
8>><
>>:
(19)
GaTij ¼
R
E
@/j
@x
@ðHðxÞ/iÞ
@x þ
@/j
@y
@ðHðxÞ/iÞ
@y
 
Gaaij ¼
R
E
@ðHðxÞ/jÞ
@x
@ðHðxÞ/iÞ
@x þ
@ðHðxÞ/jÞ
@y
@ðHðxÞ/iÞ
@y
 
8>><
>Gabij ¼
R
E
@ðbrðxÞ/jÞ
@x
@ðHðxÞ/iÞ
@x þ
@ðbrðxÞ/jÞ
@y
@ðHðxÞ/iÞ
@y
 >:(20)
GbTij ¼
R
E
@/j
@x
@ðbrðxÞ/iÞ
@x þ
@/j
@y
@ðbrðxÞ/iÞ
@y
 
Gbaij ¼
R
E
@ðHðxÞ/jÞ
@x
@ðbrðxÞ/iÞ
@x þ
@ðHðxÞ/jÞ
@y
@ðbrðxÞ/iÞ
@y
 
Gbbij ¼
R
E
@ðbrðxÞ/jÞ
@x
@ðbrðxÞ/iÞ
@x þ
@ðbrðxÞ/jÞ
@y
@ðbrðxÞ/iÞ
@y
 
8>><
>>:
(21) Qij ¼ 19 ð2uiþ2ujukÞðDyjDyiÞþð2v iþ2v jvkÞðDxjDxiÞ
 
(22) kij ¼ 1 if Qij P 00 else

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